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Abstract
The response of a beam with dry friction damper to harmonic excitation is investigated. The beam is clamped to a frame at one
end. The other end is in frictional contact to a plate. The contact model assumes Coulomb friction law with constant normal force.
The Harmonic Balance Method (HBM) is used to calculate the vibrational behavior of the system. The main focus lies on
excitation with frequencies well below the ﬁrst eigenfrequency, for which phases of stick and slip occur in the contact area. It is
shown that harmonics of higher order have to be considered when a certain approximation quality is needed.
Results of the HBM are compared to those of direct time integration. HBM results converge to the direct time integration
solution, when the number of harmonics is increased. Furthermore, the calculations are compared to experimental results.
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1. Introduction
This work aims to predict noise, arising from relative motion between surfaces in contact in a vehicle’s interior, i.e.
squeak noise1. A driving car experiences random excitation through its suspension, caused by an uneven underground.
The lower frequency content of this excitation can contain large amplitudes and is considered as the main source of
squeak noise. While these excitation frequencies are below the range of hearing (<6Hz), the resulting noise is audible.
Herein, the calculation of the structural vibration is presented, while the estimation of radiated sound from these results
is left to future work.
The Harmonic Balance Method2 (HBM) is a well-known approach to calculate vibrations of systems including
frictional contacts3. It is used in turbo machinery, e.g. to calculate the damping inﬂuence of friction between blades
and rotor. In most applications, a small amount of harmonics is suﬃcient to get adequate results. However, in order
to predict noise radiation, normal velocities at the system’s surface have to be known4. The interest in velocities in
combination with the fact that the higher frequencies have the major part in (audible) sound radiation leads to the
need to perform HBM with a lot of harmonics. There are numerous publications dealing with HBM. All of them
considering a small amount of harmonics only. In this work, harmonics up to the number of 51 are used to calculate
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the vibrational behavior of the beam. Comparison to direct time integration results shows the necessity to do so, when
the focus lies on a very accurate calculation.
As a case study, a test rig has been built. It consists of a beam that is clamped in a frame at one end and is in
frictional contact to a plate at the other end. The normal force between the contact partners is adjustable and can
take values from 0 and 100N. The beam is excited harmonically by a shaker. The velocity in the vertical direction is
measured at diﬀerent locations of the beam using a Laser Scanning Vibrometer.
For calculations, a ﬁnite element model representing the test rig has been built. The system matrices of this model
are reduced using Craig-Bampton-Method5 and then used in the HBM calculations to compute the system’s response
to periodic force loading.
In section 2 the HBM is presented, including rearrangement of the original system matrices and the determination
of unknown quantities. Furthermore, the solution process to the obtained nonlinear system of equations is pictured.
Section 3 describes the application of HBM to the example at hand and in 4 the results are compared to those of direct
time integration applied to the full system matrices and measurements at the test rig. Finally, in section 5 conclusions
are drawn and further necessary developments of the method are pointed out.
2. Equations of motion for Harmonic Balance Method
The equations of motion for a system of discrete masses, including nonlinear forces are
Mx¨(t) + Bx˙(t) + Kx(t) = FL(t) + FNL(x, x˙, t) , (1)
where M, B, K are the Mass-, Damping- and Stiﬀness matrices, respectively and x(t) is the displacement vector. For
reasons of performance, the matrices in (1) can be reduced, for example by applying Craig Bampton Method. FL(t)
is the vector of linear (external) forces and FNL(t) is the vector of nonlinear forces. Herein, these forces arise from
self-contact of the system with itself or from contact with the environment. In this work, only static load and single
harmonic excitation are considered, so that the vector of linear forces is
FL(t) = Fc + FLssin(ωt) + FLccos(ωt) . (2)
For the Harmonic Balance Method (HBM) vector x(t) is approximated by
x(t) ≈ xh(t) =
h∑
i=0
xissin(iωt) + xiccos(iωt), (3)
with h indicating the number of harmonics being used.
Introducing (3) in (1) and applying Galerkin’s Method with sin(iωt) and cos(iωt) (i = 1, ..h) as weight functions
leads to: (
M˜ + B˜ + K˜
)
x˜ = F˜L + F˜NL(x˜) . (4)
With exception of the terms corresponding to vector F˜NL(x˜), all integrals that appear during the derivation of equation
(4) can be solved in a closed form. As a result, matrices and vectors in equation (4) can be written as permutations of
the original system matrices and coeﬃcients from equations (2) and (3):
M˜ =
π
ω
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 . . . 0 0
0 −12ω2M 0 . . . 0 0
0 0 −12ω2M . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . −h2ω2M 0
0 0 0 . . . 0 −h2ω2M
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, B˜ =
π
ω
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 . . . 0 0
0 0 −1ωB . . . 0 0
0 1ωB 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 0 −hωB
0 0 0 . . . hωB 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5)
K˜ =
π
ω
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2K 0 . . . 0
0 K . . . 0
. . . . . . . . . . . .
0 0 . . . K
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , x˜ =
(
x0cT x1sT x1cT . . . xhsT xhcT
)T
, F˜L =
π
ω
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2Fc
FL1s
FL1c
0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (6)
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Thus, only vector F˜NL remains unknown in equation (4). For its calculation, the integrals
T∫
0
FNL(x, x˙, t)dt , (7)
T∫
0
FNL(x,
.
x, t)sin(iωt)dt , i = 1...h , (8)
T∫
0
FNL(x,
.
x, t)cos(iωt)dt , i = 0...h (9)
need to be solved. In general, these calculations have to be carried out numerically and have non-zero results.
The equations of motion of form (4) are solved iteratively, which is shown in Fig. 1. Vector x˜0 is the initial estimate
for the solution x˜ to the nonlinear system of equations. It is reasonable to use the solution of the linear system without
friction forces or the solution of a nearby state for a ﬁrst guess. With this estimate, the velocities in the contact area(s)
can be determined and consequently the vector of nonlinear forces F˜NL. With F˜NL, the stopping criteria (equation
(4)) can be tested and the solution process of the nonlinear system takes its usual way.
x˜0 xh(t),
.
xh (t) FNL(xh(t), x˙h(t), t)
contact
friction
F˜NL
(
M˜ + B˜ + K˜
)
x˜ = F˜L + F˜NL(x˜)?x˜k
no
initial guess
solution: x˜
yes
End
Fig. 1. Solution procedure for the nonlinear equations of motion.
3. Calculations
The HBM described in section 2 is applied to the ﬁnite element model of a test rig. The test rig consists of a
beam, attached to a very stiﬀ frame. The beam has a rounded tip and is in contact with a ﬂat plate. The normal
force between the two contact partners can be adjusted and is measured by four sensors in the plate. The beam is
harmonically excited by a shaker, which is attached to the framework and can be put in three diﬀerent positions. In
the ﬁnite element model this excitation is realized by point loads. The test rig and the corresponding ﬁnite element
model are shown in ﬁgure 2.
For the algorithm shown in ﬁgure 1 the system has been reduced to a very small number of degrees of freedom
using Craig-Bampton-Method. Only degrees of freedom of nodes in the contact area and a couple of modes are kept,
to describe the dynamical behavior of the test rig. The number of remaining degrees of freedom is 12. For equation
(1) this leads to the size 12×12 of the system matrices. The matrices used in the nonlinear solution process are then of
size (2h+1)12 × (2h+1)12, with h being the number of harmonics considered. All matrices and vectors in equations
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(a) (b)
frame
beam
rounded beam tip
plate
Fig. 2. Test rig: (a) in the laboratory, (b) as ﬁnite element model.
(5) and (6) are known from the beginning and do not change during the solution process of equation (4). Only vector
F˜NL needs to be evaluated at each iteration step of the solution.
For the calculations, the normal force between beam tip and plate is assumed to be constant with the friction force
to follow the most simple Coulomb Friction law:
FR = −sign(vrel)μFN , (10)
with vrel indicating the relative velocity between beam tip and plate. The friction coeﬃcient μ is constant and has the
same value for stick and slip. FN and FR are normal and friction force, respectively.
Equation (10) is evaluated at each node in contact. As it depends on x˙, the integrals (7) - (9) cannot be solved in a
closed form but have to be evaluated numerically.
The results gained by HBM are compared to direct time integration results of the full system matrices using
ABAQUSR©. While the direct time integration is performed without reduction of the system matrices, both techniques
use the same underlying mathematical model.
4. Results and comparison
4.1. Results from calculation and comparison between HBM and direct time integration
For validation, the ﬁnite element model shown in ﬁgure 2 has been calculated once, using HBM and then by direct
time integration applied via commercial FE code (ABAQUSR©). The direct time integration is a widely used technique
and considered to deliver the most accurate results to the mathematical model.
Figure 3 shows the results for displacement and velocity of the beam tip in time domain. In the calculated example,
an excitation frequency of 10 Hz is used, which is below the ﬁrst eigenfrequency of the free beam (31 Hz, no contact
at the beam tip). The plots indicate, that the beam tip remains in stick states at the turning points for a short time
(vz → 0). This kind of motion is called stick-slip motion. The vibration is periodic but not harmonic, so it consists of
higher frequencies than the excitation frequency.
The HBM results for 11 and 51 harmonics are compared to the solution of direct time integration. While 11
harmonics only provide a rather vague approximation, the solution gained with 51 harmonics reproduces the direct
time integration results satisfactorily.
This fact becomes even more obvious in the frequency domain. Obviously, higher harmonics are neglected, when
cutting of the series (3) at a certain point. But in addition, the results gained for harmonics which are taken into
account, show some errors when a relatively small number of harmonics is used. This can be observed in the results
for the beam tip’s velocity (ﬁgure 4). The blue and red bars show the values for the harmonics calculated with 11
and 51 harmonics, respectively. The black line shows the Fourier Transformation of the direct time integration result.
Even in the ﬁrst harmonic, the values of the calculation using 11 harmonics has some minor error. In the 9th and
11th harmonic, the errors increase. On the other hand, the solution using 51 harmonics is very accurate in the lower
harmonics. Notable errors show in the 23rd harmonic and higher orders.
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Fig. 3. Displacement (top) and velocity (bottom) of the beam tip in time domain, excitation frequency 10 Hz.
In ﬁgure 4, the uneven harmonics dominate, although all harmonics have been considered in the calculations. This
is due to the uneven character of the friction force, which is the only nonlinear force considered.
direct time integration
11 harmonics
51 harmonics
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Fig. 4. Velocity of the beam tip in frequency domain, excitation frequency 10 Hz.
4.2. Results from experiment
For comparison, the example presented in section 4.1 has been conducted in a measurement at the test rig, shown
in ﬁgure 2. The results prove, that the approximation (3) is justiﬁed, as the excitation frequency and its harmonics
dominate the frequency spectrum in ﬁgure 5.
However, in contrast to numerical results, there are even harmonics in the measured spectrum as well, namely
the 10th, 12th, 16th, 18th, 20th and 22nd harmonic. These peaks are most likely the result of the nonlinear normal
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Fig. 5. Frequency spectrum of the velocity measured at the beam tip.
force in the contact between beam tip and plate. This force can be described by an even function and therefore, even
harmonics are present in the velocity spectrum. They show, that in the example at hand, with a (hard) metal to metal
contact, the assumption of a constant normal force does not hold. Using a normal contact formulation, the nonlinear
normal force between beam tip and plate can be handled in analogy to the friction force in (10).
Qualitatively, the results from calculation and experiment show some analogy. The uneven harmonics have the
highest peaks in the velocity spectrum. For the presence of the even harmonics in the measured spectrum, an ex-
planation has been found. Whereas quantitatively, the diﬀerence between calculation and experiment is unsatisfying.
The amplitudes of the measured spectrum are orders of magnitude smaller. This applies HBM as well as direct time
integration. Obviously the underlying mathematical model is not sophisticated enough to represent the dynamical be-
havior at the test rig. The results suggest that a formulation for a non-constant normal force is obligatory to represent
the hard metal to metal contact. Furthermore, an improved frictional law should be used, when the frictional behavior
of the contact partners is known.
5. Conclusion
In the present work, the Harmonic Balance Method has been applied to a beam in contact, in order to calculate
forced vibration with frictional damping. The objective is to calculate the velocities at the beam’s surface. They are
of interest because the HBM is planned to be part of a noise radiation calculation method.
The HBM has been performed with 11 and 51 harmonics. The results are compared to those of a direct time
integration, in order to validate HBM as solution method for the underlying mathematical model. It has been shown,
that the HBM is in very good agreement with direct time integration, when a suﬃciently large number of harmonics
is taken into account.
Additionally, experiments have been conducted with a test rig. Measured velocity spectra are dominated by the
excitation frequency and higher harmonics, proving the suitability of the HBM for the present conﬁguration. On the
other hand, the experiments show, that the contact formulation used herein does not suit the problem. The presence of
even harmonics in the velocity spectra leads to the necessity to consider a varying normal force.
For further development, a more sophisticated mathematical model is required. This model should include a
varying normal force and a friction law that is more realistic then the one applied herein. The HBM has to prove
its suitability to the aforementioned model as well, for example by comparison to direct time integration results as
presented before. Then, the results of HBM need to be compared to a number of experiments, conducted at the test
rig. With this validation, the results of HBM can be used in noise radiation calculations, in order to achieve the overall
goal of predicting the appearance of noise in systems with forced vibration and frictional damping.
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